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Based on the deficiency of the traditional total least squares method (TLS) in the field of
geodetic inversion, the mixed error characteristics of the errors in variables (EIV) model
were analyzed by considering the distance azimuth measurement error in strain inversion
from distance changes, which resulted in the improved mixed total least squares method
(IMTLS) with generalized mixed EIV model. Finally, three comparison schemes of strain
inversion from distance changes using measured data were implemented to test the pro-
posed method. The results showed that the IMTLS method outperformed the traditional
least squares (LS) and TLS methods in parameters estimation, accuracy evaluation, actual
EIV model characteristics, and five strain eigenvalues.
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The inversion of station coordinates' velocity [1e3], strain
field [4,5], and distance change of the survey line [6,7] based on
the observation data of the Global Navigation Satellite System
(GNSS) and Interferometric Synthetic Aperture Radar (InSAR)
geodetic technologies is of great significance to the investi-
gation of crustal movement and extraction of information oniu).
ute of Seismology, China
er on behalf of KeAi
na Earthquake Administr
ss article under the CC BYprecursory activities. In theory, most of the present linear
models in geodetic inversion are errors in variables (EIV)
model. For example, the strain inversion from distance
changes belongs to the EIV model [7,8]. Therefore, the total
least square (TLS) estimation of the EIV model is attracting a
significant interest in geodetic inversion [8e11]. A common
problem in TLS theoretical and practical research is the
method to reasonably determine the covariance matrix of
coefficient matrix errors. Previous studies have presentedEarthquake Administration.
ation, etc. Production and hosting by Elsevier B.V. on behalf of KeAi
-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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of an EIV model at mixed errors conditions of, for example,
independent elements of the coefficient matrix [12,13],
correction between zero and special function [14e16], and
correlation of general function [17].
However, the existed mixed total least square (MTLS)
methods were only available for a specific condition. In other
word, the construction rules of covariance of coefficient ma-
trix in the current MTLS methods are always proposed ac-
cording to a specific application condition. Meanwhile, the
iteration calculation tends to be complex, and the application
of EIV models becomes diverse, resulting in non-standardized
MTLS estimations in different EIV models. Therefore, in the
present study, a mixed EIV model of strain inversion from
distance change was constructed. Then, general linear func-
tions were used to present a unified description of coefficient
matrix elements at function independence and functional
correlation (linear function relations includes zero, duplica-
tion, opposition and other conditions), thereby deriving an
improved MTLS (IMTLS) estimation method for mixed EIV
model. Finally, an example of strain inversion from distance
change was used to verify and compare the proposed method
with the least square method and the common TLS method.2. EIV model of strain inversion from
distance change
The measurement area was assumed to be a uniform
strain field. Survey lines were deployed in different directions
either in amesh shape or in a formunlike a network. Repeated
measurements were taken at different times. The plain strain
in the area could be calculated based on distance change be-
tween two measurements. Let a be the azimuth of a survey
line, and s, s0 be the length before and after deformation. Then,
the linear strain of the segment in direction a is 3a ¼ s0=s 1.
The linear strain 3a could be represented by three strain pa-
rameters 3x, 3y, 3xy in the succeeding equation [6e8].
3a ¼ 3x cos2 aþ 3y sin2 aþ 3xy sin a cos a (1)
Herein, 3x, 3y is the linear strain in direction x, y, where
positive value denotes elongation and negative value denotes
contraction; 3xy represents the angular change between axes x,
y, and is called as shear strain, where positive value denotes
decrease of the angle and vice versa.
In actual measurement, an error usually exists in the azi-
muth a of the survey line, and the survey line azimuth might
change after deformation as well. Therefore, the measure-
ment error in linear strain 3a should be considered during
strain parametermodeling and estimation, aswell as the error
in survey line azimuth a. The error equation of strain inver-
sion from distance change could then be derived as:
3a þ e3a ¼3x cos2ðaþ eaÞ þ 3y sin2ðaþ eaÞ
þ 3xy sinðaþ eaÞcosðaþ eaÞ
z3x

cos2 a ea sin 2 a
þ 3ysin2 aþ ea sin 2 a
þ 3xyðsin a cos aþ ea cos 2 aÞ
(2)
Based on the observation of the m survey lines, a new EIV
model can be established on the error equation (2):ðA EAÞX ¼ L eL (3)
where X ¼  3x 3y 3xy T
A ¼
2
4 cos2a1 sin
2
a1 sin a1 cos a1
« « «
cos2am sin
2
am sin am cos am
3
5; L ¼
0
@ 3a1«
3am
1
A
EA¼
2
4 ea1 sin 2a1 ea1 sin 2a1 ea1 cos 2a1« « «
eam sin 2am eam sin 2am eam cos 2am
3
5; eL ¼
0
@ e3a1«
e3am
1
A3. IMTLS estimation method of strain
parameters
The above strain inversion EIV model shows that every
column of the error matrix contains errors; therefore, they
could not be described using traditional mixed EIV model [8].
Meanwhile, the second column elements in the error matrix
EA were observed to be opposite to the first column
elements, and the third column elements were cot2ai
multiples of that in the first column. Thus, only the first
column elements were functional independent, while the
other elements in the second and third columns could be
described by the first column elements. Hence, the errors in
coefficient matrix EA were divided into two terms: functional
independent error E1 and functional correlated error E2, and
e1 ¼ vec(E1), e2 ¼ vec(E2), then the EIV model could be
described as a general mixed EIV model.
½A1  E1 A2  E2 

X1
X2

¼ L eL (4)
e2 ¼ C$e1 (5)
Herein,A ¼ ½A1 A2 ; EA ¼ ½E1 E2 ; XT ¼

XT1 X
T
2

, and C
represents the correlated matrix of two types of errors.
Meanwhile, based on the law of error propagation, the
random model of mixed EIV model was:

eL
eA

 N
	
0
0


; s20
	
QL 0
0 QA


(6)
QA ¼
	
Q1 Q1C
T
CQ1 CQ1C
T


(7)
where s20 is the unit weight variance, QL is the prior positive
defined co-variance matrix of vector L, and Q1 represents the
prior positive defined co-variance matrix of functional inde-
pendent error e1.
From equation (7), QA is a singular matrix; therefore, the
classical inverse matrix Q1A do not exist. The generalized
inverse matrix QA is therefore used. Combining equation (5),
the MTLS adjustment rule could be obtained.
U ¼ eTLQ1L eL þ eTAQAeA
¼ eTLQ1L eL þ eT1Q11 e1
(8)
Then, based on the principle of Lagrange multiplier
method, conditional extreme value function of MTLS adjust-
ment rule is created
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Here, mm  1 is connection coefficient vector.
The partial derivations of the function to eL, e1, X, h were
calculated and set to zero. By arranging the normal equation,
the MTLS estimation formulas of eL, e1, X could be derived.
bX ¼ ~ATM1 ~A1 ~ATM1~L (10)
beL ¼ QLM1L AbX (11)
be1 ¼ Q1BTM1LAbX (12)
Herein, ~A ¼ A ~EA; ~L ¼ L ~EA bX; M ¼ BQ1BT þ QL
B ¼ ðB1 þ B2CÞ; B1¼ XT15Im; B2¼ XT25Im (5 denotes Kronecker
product).
Furthermore, based on the error theory, the estimation
equations of unit weight variance and parameter co-variance
were:
bs20 ¼ beTLQ1L beL þ beT1Q11 be1r (13)
DbX ¼ bs20~ATM1 ~A1 (14)
where r ¼ m3 is the degree of freedom for the EIV model.
Equations (5) and (10)e(14) constituted the IMTLS estima-
tion equations for strain parameters. From the equation
group, the IMTLSmethod described the functional correlation
between functional independent error elements and func-
tional correlated error elements using matrix C. Meanwhile,
the IMTLS estimation equation was generally consistent in
formwith traditional TLS estimation. The only difference was
that ðbe1;Q1Þ in equation (12) replaced ðbeA;QAÞ in the traditional
TLS. Therefore, the proposed method has generalized mixed
EIV model and standardized determination method for the
covariance matrix of coefficient matrix errors. The iterative
calculation process was analogous to the traditional TLS
method; therefore, it could be used in parameter estimation
of other mixed EIV models. Finally, the recommended strain
parameter iteration process takes the least squares (LS)
estimation value as the bX initial value, then be1; be2 wasTable 1 e Estimation results of three schemes.
Scheme
LS
b3x b3y b3xy b3x
I bX 4.0777 5.5052 2.0814 4.0777
T 1.8683 1.7488 0.4283 1.8683bs 4.0701 4.0701
II bX 5.7217 5.2339 1.0470 5.7217
T 17.1870 21.0441 2.4365 17.1870bs 0.2865 0.2865
III bX 5.7217 5.2339 1.0470 5.7251
T 17.1870 21.0441 2.4365 17.1948bs 0.2865 0.1777
Note: Except for the recorded T-test value, the magnitudes of X, s are allcalculated, and parameter bX was updated. After parameter
convergence, accuracy estimation was performed.4. Application and analysis
In the uniform strain area, 10 survey lines that do not
follow a shape were deployed. The strain data were from a
previous study [8] (Note: the initial azimuth data in the
reference was adopted instead of the coefficient matrix). The
10 groups of linear strain and azimuth (3a, a) from two
measurements were taken from the reference. Based on the
strain inversion equation (1), the strain parameter X,
student's T-test value and mean square error s were
estimated using LS, traditional TLS, and the proposed IMTLS
method. The prior co-variance matrix of the observed value
was noted as QL, the prior co-variance matrix of the
traditional TLS method was written as QA, and the prior co-
variance matrix of errors in the coefficient matrix was Q1. To
evaluate the effectiveness of the proposed method, three
calculation schemes were designed:
Scheme I : All 10 groups of survey line data were used in
strain inversion, where QL, QA, Q1 is the unit
matrix.
Scheme II : The {1, 2, 4, 7} groups of survey line data were
used in strain inversion, where QL, QA, Q1 is the
unit matrix.
Scheme III : The {1, 2, 4, 7} groups of survey line data were
used in strain inversion, where QA, Q1 is the unit
matrix, and QL ¼ 1010I4.
Table 1 shows the adjustment results of three schemes.
scheme I shows that the adjusted results of LS, TLS, and
IMTLS methods were consistent, which means the errors in
the coefficient matrices was nearly zero under the condition
of QL, QA, Q1 as unit matrix. However, three adjustment
results in scheme I did not pass the significance test (T < 2);
therefore, according to the conclusion of reference [6], the 10
survey lines in scheme I did not meet the requirement for
one single uniform strain area. Meanwhile, three adjustment
results in scheme II passed the significance test (T > 2);
therefore, the four survey lines employed in scheme II metTLS IMTLS
b3y b3xy b3x b3y b3xy
5.5052 2.0814 4.0777 5.5052 2.0814
1.7488 0.4283 1.8683 1.7488 0.4283
4.0701
5.2339 1.0470 5.7217 5.2339 1.0470
21.0441 2.4365 17.1870 21.0441 2.4365
0.2865
5.2350 1.0508 5.7194 5.2348 1.0472
21.0464 2.4450 16.7072 20.8768 2.4237
0.2862
106.
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comparison between schemes I and II shows that the errors
in scheme I were almost 14 times higher than that in
scheme II (the freedom degree of model in scheme I was
seven times of modeling scheme II), indicating that the
strain estimation of scheme II was more reliable. Moreover,
the TLS and IMTLS methods had the same as LS estimations
in schemes I and II, which all adopted the unit weight
strategy resulting in negligible errors in the coefficient
matrix of the EIV model. In addition, it can be seen from
scheme III in Table 1 that all three methods passed the
significance tests with increasing weight QL ¼ 1010I4 of
linear strain observation, and the ascending orders of the
mean square errors were TLS < IMTLS < LS, suggesting that
the reasonable distribution of errors in the coefficient matrix
could improve the accuracy and reliability of strain
parameter estimation.
To further analyze the influence of weight strategy on the
distribution of errors in the coefficient matrix, and to verify
the consistency between the estimated error and practical
error law, the errors in the coefficient matrix were listed in
schemes II and III of Table 2 including respectively using the
traditional TLS and IMTLS methods. Firstly, the traditional
TLS and IMTLS methods in scheme II had nearly zero with
1014 the order of magnitude for errors in the coefficient
matrix, which validated that all methods have the same
adjustment results consistent with the LS estimation when
QL as the unit matrix. Meanwhile, three columns of error
vectors in ~EA showed that the ~EA obtained in the traditional
TLS method did not meet the rule that column 2 is opposite
of column 1, and column 3 is cot2a times of column 1.
However, the function correlation was achieved in ~EA
obtained by the IMTLS method, which suggested that the
IMTLS method was more reasonable than the traditional TLS
method. Secondly, scheme III in Table 2 shows that the
order of magnitude of errors in the coefficient matrix was
104 (error in azimuth was in 1000 order of magnitude), whichTable 2 e ~EA Values of schemes II and III.
Scheme TLS
II ~EA (10
14) 12.6169 11.5412 2.3088
18.5862 17.0016 3.4011
117.7801 107.7389 21.5528
111.8108 102.2785 20.4604
III ~EA (10
4) 8.8840 8.1235 1.6306
10.6566 9.7443 1.9560
73.1061 66.8478 13.4184
69.3528 63.4158 12.7295
Table 3 e Strain eigenvalues of three schemes.
Scheme Maximum principal
strain (106)
Minimal principal
strain (106)
M
I 6.0534 3.5295
II 6.0553 4.9003
III, LS 6.0553 4.9003
III, TLS 6.0598 4.9003
III, IMLS 6.0540 4.9002verified the rationality of the weight strategy. Therefore, the
function correlation of the error vectors in ~EA further
validated the effectiveness of the IMTLS method. At the end,
scheme III in Table 2 shows the traditional TLS method has
smaller estimation value of the mean square error s than
that of other methods, and the its accuracy was
overestimated since the traditional TLS method did not
consider the function correlation between error elements in
~EA. Therefore, the parameter estimation and accuracy
evaluation of the IMTLS method were more suitable for
practical condition.
To analyze the strain characteristic quantities of strain
parameter inversion from distance change, the maximum
principal strain, minimum principal strain, maximum shear
strain, regional surface expansion, and principal strain di-
rection were calculated using three estimated strain param-
eters b3x;b3y;b3xy in Table 1, and strain eigenvalues of three
schemes are as shown in Table 3. It can be seen that the
results of schemes I and II were all the same for LS, TLS, and
IMTLS methods. However, there are significant differences
between schemes I and II estimation results in minimal
principal strain, maximum shear strain, and principal strain
direction, which, again, verified that scheme I did not meet
the requirement of uniform strain area. For scheme III, the
result of principal strain direction was 0.01 different
between LS and TLS methods, and 0.1 between LS and
IMTLS methods, which reflected that fact that IMTLS
method considered the error function correlation.5. Discussions and conclusion
(1) In strain inversion from distance change, the LSmethod
did not consider the error in azimuth. Although the
error was accounted for in the traditional TLS method,
the EIV model for the coefficient matrix errors do not
correct in theory. Instead, the IMTLS method not onlycot2a IMTLS
0.8391 3.0129 3.0129 2.5282
2.0503 8.5579 8.5579 17.5462
0.3057 3.4519 3.4519 1.0553
0.6249 3.2528 3.2528 2.0326
0.8391 3.0130 3.0130 2.5282
2.0503 8.5189 8.5189 17.4663
0.3057 3.3793 3.3793 1.0332
0.6249 3.3149 3.3149 2.0714
aximum shear
strain (106)
Regional surface
expansion (106)
Principal strain
direction (degree)
2.5239 9.5829 62.2219
1.1551 10.9556 32.5095
1.1551 10.9556 32.5095
1.1595 10.9601 32.4977
1.1539 10.9542 32.5836
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coefficient matrix was consistent with theoretical
analysis as well.
(2) For strain parameter inversion of one uniform strain
area, the LS, traditional TLS, and IMTLS methods were
all able to obtain strain parameter estimation results.
The hypothesis testing could be necessary to verify and
discover the uniform strain field, and the results of the
IMTLS method using reasonable weight strategy were
more reliable and realistic compared to the other two
methods.
(3) Themixed EIV model proposed in this paper had a good
generality, from which standardized determination
method of co-variancematrix of errors in the coefficient
matrix was obtained. The IMTLS method based on
general mixed EIV model is consistent with the tradi-
tional TLS method in forms of estimation formulas and
the iterative calculation process. Therefore, the pro-
posed method could be easily applied in other EIV
models in geodetic inversion.
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